Let G be a group with identity e and let R be a G-graded ring. A proper graded ideal P of R is called a graded primary ideal if whenever r g s h ∈ P, we have r g ∈ P or s h ∈ Gr(P ), where r g , s g ∈ h(R). The graded primary spectrum p.Spec g (R) is defined to be the set of all graded primary ideals of R. In this paper, we define a topology on p.Spec g (R), called Zariski topology, which is analogous to that for Spec g (R), and investigate several properties of the topology.
Introduction
The concept of graded prime ideal was introduced by M. R e f a i, M. H a i l a t and S. O b i e d a t in [10] and studied in [1, 8, 11] .
Zariski topology on the graded prime spectrum of graded commutative rings have been already studied in [7, 8, 10] . These results will be used in order to obtain the main aims of this paper. The notion of primary spectrum was examined as a generalization of prime spectrum in [6] . They showed that the set of primary ideals can be endowed with a topology called the Zariski topology on primary spectrum of R. Graded primary ideals of a commutative graded ring have been introduced and studied by R e f a i and A l -Z o u b i in [9] . These ideals are generalizations of primary ideals in a graded ring. The set of all graded primary ideals and the set of all primary ideals need not be equal in a graded ring (see [9, Example 1.6] ).
In this paper, we rely on the graded primary ideals and then, we introduce and study a topology on the graded primary spectrum similar to the one defined in [6] , and investigate several properties of the topology.
Preliminaries
ÓÒÚ ÒØ ÓÒº Throughout this paper, all the rings are commutative with identity. First, we recall some basic properties of graded rings which will be used in the sequel. We refer to [3] , [4] and [5] for these basic properties and more information on graded rings. Let G be a group with identity e. A ring R is called graded (or more precisely, G-graded) if there exists a family of subgroups {R g } of R such that R = ⊕ g∈G R g (as abelian groups) indexed by the elements g ∈ G, and R g R h ⊆ R gh for all g, h ∈ G. The summands R g are called homogeneous components, and elements of these summands are called homogeneous elements. If r ∈ R, then r can be written uniquely r = g∈G r g , where r g is the component
An ideal I of R is said to be a graded ideal if
An ideal of a graded ring need not be graded.
Let R be a G-graded ring. A proper graded ideal I of R is said to be a graded prime ideal if whenever r g s h ∈ I, we have r g ∈ I or s h ∈ I, where r g , s h ∈ h(R) (see [10] ).
Let Spec g (R) denote the set of all graded prime ideals of R. For each graded ideal I of R, the graded variety of I is the set V g R (I) = {P ∈ Spec g (R)|I ⊆ P }. Then, the set ξ g (R) = {V g R (I)|I is a graded ideal of R} satisfying the axioms for the closed sets of a topology on Spec g (R) called the Zariski topology on Spec g (R) (see [7, 8, 10] ).
The graded radical of I, denoted by Gr(I), is the set of all r = g∈G r g ∈ R such that for each g ∈ G there exists n g ∈ N with r n g g ∈ I. Note that if r is a homogeneous element, then r ∈ Gr(I) if and only if r n ∈ I for some n ∈ N (see [10] ). In [10] , it is shown that Gr(I) is the intersection of all the graded prime ideals of R containing I.
A graded ideal I of R is said to be a graded maximal ideal of R if I = R and if J is a graded ideal of R such that I ⊆ J ⊆ R, then I = J or J = R.
A proper graded ideal I of a G-graded ring R is said to be a graded primary ideal if whenever r g s h ∈ I, we have r g ∈ I or s h ∈ Gr(I) where r g , s g ∈ h(R) (see [9] ). Let p.Spec g (R) denote the set of all graded primary ideals of R.
THE ZARISKI TOPOLOGY ON THE GRADED PRIMARY SPECTRUM

Results
Ò Ø ÓÒ 3.1º Let R be a G-graded ring and p.Spec g (R) be the set of all graded primary ideals of R. We define graded primary variety for any subset
Then, P = Gr(Q) is a graded prime ideal of R, and we say that Q is a graded G-P -primary.
ÈÖÓÔÓ× Ø ÓÒ 3.3º Let R be a G-graded ring and I and J be two graded ideals of R. Then, the following hold:
(v) For every pair I and J of graded ideals of R, we have p-V g
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Let I, J be any two graded ideals of R.
closed under finite union, the family p-η g (R) satisfies the axioms of topological space for closed sets. So, there exists a topology on p.Spec g (M ) called the Zariski topology and denoted by p-ξ g (R).
We note that, since any graded prime ideal is graded primary and equal to its graded radical, the space Spec g (R) is in fact a subspace of p.Spec g (R).
ÈÖÓÔÓ× Ø ÓÒ 3.5º
Let R be a G-graded ring. For any homogeneous element r, 
ÓÖÓÐÐ ÖÝ 3.7º Let R be a G-graded ring. Then, p.Spec g (R) is quasi-compact.
P r o o f. It can be seen directly from Proposition 3.6(iv).
Ò Ø ÓÒ 3.8º
Let R be a G-graded ring. A family of graded ideals {P α } α∈Λ satisfies condition (A) if for each r g ∈ h(R), there is n ∈ N such that for all α ∈ Λ, if r g ∈ Gr(P α ), then r n g ∈ P α .
Ä ÑÑ 3.9º
Let R be a G-graded ring. Then, the following statements are equivalent:
P r o o f. (i)⇒(ii) Assume that {P α } α∈Λ satisfies condition (A) and r g ∈ ∩ α∈Δ Gr(P α ) ∩ h(R), then there exists n ∈ N such that r n g ∈ P α for each α ∈ Δ. So, r g ∈ Gr(∩ α∈Δ P α ). This yields that ∩ α∈Δ Gr(P α ) ⊆ Gr(∩ α∈Δ P α ). The other inclusion always holds.
(ii)⇒(i) Given r g ∈ h(R), let Δ = {α ∈ Λ : r g ∈ Gr(P α )}. Then, the displayed equation says that there is n such that r n g ∈ P α for all α ∈ Δ. Finally, we note that if the displayed equation fails for some subset Δ ⊂ Λ, then it fails for a countable subset of Δ. Indeed, if r g / ∈ Gr(∩ α∈Δ P α ), then for each n there exists α n ∈ Δ such that r n g / ∈ P α n , hence r g / ∈ Gr(∩ ∞ n=1 P α n ). Recall that the dimension of a graded ring R denoted by dim g (R) is defined to be : sup{n ∈ {0, 1, 2, . . .} : there exists a strict chain of graded prime ideals of R of the length n }. Ä ÑÑ 3.11º Let R be a G-graded ring. Then, the following statements are equivalent:
Ä ÑÑ
Then, it is contained in a graded prime ideal P of R by Lemma 3.10. Look at the multiplicative system U = {r n g s h : n = 0, 1, 2, . . . and s h ∈ h(R)\P }. Now, 0 / ∈ U because s h / ∈ P and ∪ ∞ n=1 (0 : R r n g ) ⊆ P. So, there is a graded prime ideal P of R that misses U. Since U ⊇ h(R)\P , we have P ⊆ P . Moreover, r g ∈ P \P , so P = P. Thus, P is not graded maximal, i.e., dim g (R) = 0, which is a contradiction.
(ii)⇒ (i) We prove the contrapositive of the statement. Suppose there exist distinct graded prime ideals P ⊂ P in R and let r g ∈ P ∩ h(R)\P . Then, ∪ ∞ n=1 (0 : R r n g ) ⊂ P and Rr g ⊂ P. So, Rr g + ∪ ∞ n=1 (0 : R r n g ) ⊂ P, i.e., Rr g + ∪ ∞ n=1 (0 : R r n g ) is a proper graded ideal of R. (ii)⇒(iii) If r g satisfies (ii), then t h r g +s λ = 1 where s λ r n g = 0 and t h , s λ ∈ h(R). So, t h r n+1 g = r n g . This yields that Rr n g = Rr n+1 g .
(iii)⇒(ii) If r g satisfies (iii), then there exists t h ∈ h(R) such that r n g = t h r n+1 g , hence r n g (1 − t h r g ) = 0. It follows that 1 − t h r g ∈ (0 : r n g ) and hence 1 ∈
ÈÖÓÔÓ× Ø ÓÒ 3.12º
Let R be a G-graded ring. Then, the following statements are equivalent: g . If I is any graded ideal and r g ∈ Gr(I), then r m g ∈ I for some m, hence r n g ∈ I also. Thus, (A) holds for the family of all graded ideals of R.
(ii)⇒ (iii) Clear. (iii)⇒ (i) Suppose that dim g (R) > 0. Let I be a graded prime ideal of R that is not graded maximal. The graded primary ideals of R/I are in one-to-one correspondence with the graded primary ideals of R that contain I, and this correspondence respects intersections and graded radicals, so we may assume that R is a graded integral domain. Let r g be a nonzero nonunit of h(R) and let P be a graded minimal prime of the graded ideal Rr g . For each positive integer n, let P n = R P r n g ∩ R = {r ∈ R : s h r ∈ Rr n g for some s h ∈ h(R)\P }. Each P n is graded P -primary, hence ∩ ∞ n=1 Gr(P n ) = P . To show that r g / ∈ Gr(∩ ∞ n=1 P n ), it suffices to show that r n−1 g / ∈ P n . Suppose, by way of contradiction, that r n−1 g ∈ P n . Then, s h r n−1 g ∈ Rr n g for some s h ∈ h(R)\P , so s h ∈ Rr g ⊂ P because R is a graded integral domain, a contradiction. Thus, r g / ∈ Gr(∩ ∞ n=1 P n ). This yields that Gr(∩ ∞ n=1 P n ) = Gr(∩ ∞ n=1 P n ). By Lemma 3.9, we get a contradiction. Therefore, dim g (R) = 0.
Let R be a G-graded ring and let p.Spec g (R) be endowed with the Zariskitopology. Let W be a subset of p.Spec g (R). We will denote ∩ P ∈Y P by (W ) and the closure of W in p.Spec g (R) by Cl(W ). 
if and only if q 1 = q 2 . Now, by the fact that a topological space is a T 0 -space if and only if the closures of distinct points are distinct, we conclude that for any graded R-module M , p.
Then, we can take three distinct elements in Spec g (R), say p 1 , p 2 , and p 3 . Since every graded prime ideal is graded maximal,
are open sets in Spec g (R). This implies that
ÈÖÓÔÓ× Ø ÓÒ 3.17º Let R be a G-graded ring. Then, the following statements are equivalent:
(i) Every graded primary ideal is a graded maximal ideal in R. (i)⇒ (ii) Assume that every graded primary ideal is a graded maximal ideal in R. Since every graded maximal ideal is graded prime, we get Spec g (R) coincides with p.Spec g (R). Since, R is a graded zero dimensional ring. By Lemma 3.16, Spec g (R) is a T 2 -space, and so is p.Spec g (R).
(ii)⇒(iii)⇒(iv) Clear.
(iv)⇒(i) Let p.Spec g (R) be a T 0 -space and q ∈ p.Spec g (R). Then, we have A topological space X is said to be Noetherian if the open subsets of X satisfy the ascending chain condition (or if every descending chain of closed subsets is stationary (see [2] ).
ÈÖÓÔÓ× Ø ÓÒ 3.19º
Let R be a G-graded ring with dim g (R) = 0. Then, R has Noetherian graded primary spectrum if and only if the ACC for the graded Zariski primary radical ideals of R holds. P r o o f. Suppose the ACC holds for the graded Zariski primary radical ideals of R.Let p-V g R (I 1 ) ⊇ p-V g R (I 2 ) ⊇ . . . be a descending chain of closed subsets p-V g R (I i ) of p.Spec g (R), where I i is a graded ideal of R. Then, p-V g R (I 1 ) = Zp-Gr(I 1 ) ⊆ p-V g R (I 2 ) = Zp-Gr(I 2 ) ⊆ . . . is an ascending chain of graded Zariski primary radical ideals of R. So, by assumption, there exists n ∈ N such that for all i ∈ N, Zp-Gr(I n ) = Zp-Gr(I n+i ). Now, by Proposition 3.13, p-V g R (I n ) = p-V g R Zp-Gr(I n ) = V g R Zp-Gr(I n+i ) = p-V g R (I n+i ). Thus, R has Noetherian graded primary spectrum. Conversely, suppose that R has a Noetherian graded primary spectrum. Let I 1 ⊆ I 2 ⊆ . . . be an ascending chain of the graded Zariski primary radical ideals of R.Thus, p-V g R (I 1 ) ⊇ p-V g R (I 1 ) ⊇ . . . is a descending chain of closed subsets p-V g R (I i ) of p.Spec g (R). By assumption, there is n ∈ N such that for all i ∈ N, p-V g R (I n ) = p-V g R (I n+i ). Therefore, I n = Zp-Gr(I n ) = p-V g R (I n ) = p-V g R (I n+i ) = Zp-Gr(I n+i ) = I n+i . Therefore, the ACC for the graded Zariski primary radical ideals of R holds.
